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ABSTRACT

Modern circuit designs often contain standard cells of different row
heights to meet various design requirements. Due to the higher
interference among heterogeneous cell structures, the legalization
problem for mixed-cell-height standard cells becomes more challeng-
ing. In this paper, we present an analytical legalization algorithm for
mixed-cell-height standard cells to simultaneously minimize the av-
erage and the maximum cell movements. We formulate it as a mixed
integer quadratic programming problem (MIQP), which allows cell
spreading concurrently in both the horizontal and vertical directions.
By relaxing its discrete constraints to linear ones, we convert the
MIQP into a quadratic programming problem (QP). To solve the
QP efficiently, we further reformulate it as a linear complementar-
ity problem (LCP), and solve the LCP by a modulus-based matrix
splitting iteration method (MMSIM). To guarantee the convergence
of the MMSIM and the equivalence between the QP and the LCP,
we use a series of operations to ensure that its induced objective
matrix is symmetric positive definite and its constraint matrix is of
full row rank. Experimental results demonstrate the effectiveness of
our algorithm in reducing both the average and the maximum cell
movements for mixed-cell-height legalization.
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1 INTRODUCTION

Modern circuit designs often contain (tens of) millions of standard
cells located at placement sites on rows. To meet various design
requirements such as low power and high performance, multi-deck
cells occupying multi-rows (e.g., flip-flops) are often used in ad-
vanced technologies [2, 11]. Such multi-row height standard cells
bring up challenging issues for placement, especially the mixed-cell-
height legalization, due to their heterogenous cell structures and
additional power-rail constraints, as pointed out in [7, 17].

In traditional single-row height standard-cell legalization, cell
overlapping is independent among rows. In contrast, with multi-
row height cells, shifting a cell in one row may cause cell overlaps
in another row. The heterogenous cell structures could incur sub-
stantial global cell interferences among all cells in a circuit. Due
to the global cell interference, existing single-row height standard-
cell legalizers [4, 6, 8, 10, 13] cannot directly be extended to handle
mixed-cell-height standard cells effectively. As a result, a mixed-
cell-height legalization method needs to consider the heterogenous
cell structures, with more global cell interferences and larger solu-
tion spaces. Moreover, the alignment of power (VDD) or ground
(VSS) lines must be considered in mixed-cell-height standard-cell
legalization. For single-row height standard-cell legalization, such
VDD/VSS alignment can easily be handled by vertical cell flipping,
for example, the single-row height cell ¢; in Figure 1. However, the
vertical cell flipping is invalid for an even-row height cell (e.g., the
double-row cell ¢z in Figure 1). During legalization, therefore, each
even-row height cell must be aligned to its correct row which meets
the VDD/VSS constraint.

In addition, to preserve the quality of a given global placement,
an ideal legalization method should minimize not only the average
cell movement but also the maximum one [9]; see Figure 2 for an
illustration. In Figure 2(a), if we focus only on minimizing the aver-
age movement, we may obtain a legalization result as in Figure 2(b);
in contrast, if we minimize the average and maximum cell move-
ments simultaneously, we can obtain a better legalization result as
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Figure 1: Example of the VDD/VSS alignment constraints.

in Figure 2(c). Both of the results in Figures 2(b) and 2(c) have the
same average cell movement, but the maximum cell movement of
the result in Figure 2(b) is twice of that in Figure 2(c). In this pa-
per, we aim to minimize the average and maximum cell movements
simultaneously for mixed-cell-height legalization.
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Figure 2: Comparisons on legalization with average cell movement
and that with simultaneous average and maximum cell movement.

Recent state-of-the-art works considered the mixed-cell-height
standard-cell legalization problem [5, 7, 12, 16, 17]. Wu et al. [17]
first investigated the standard-cell legalization with both of single-
and double-row height cells. In [7], a multi-row local legalization
algorithm was proposed to place cells in a local region. Wang et
al. [16] extended Abacus to handle the legalization problem with
mixed-cell-height standard cells. Hung et al. [12] proposed a flow-
based method to spread cells and placed cells based on an integer
linear program (ILP). With a modulus-based matrix splitting iter-
ation method (MMSIM), Chen et al. [5] developed a near optimal
legalization method to address mixed-cell-height standard-cell legal-
ization. To guarantee the MMSIM convergence, the authors pointed
out that the objective matrix should be symmetric positive definite,
and the constraint matrix should be of full row rank. Nevertheless,
these legalization methods focus only on minimizing the average
cell movement, and do not consider the maximum cell movement.

To minimize the maximum cell movement for single-row height
standard-cell legalization, Darav et al. [8] proposed a flow-based
legalization method by finding augmentation paths among bins.
If the flow of a candidate augmentation path is larger than a pre-
set value (named maximum cell movement), it would be pruned.
Apparently, their method considers the maximum cell movement
as a hard constraint rather than an objective. Further, in order to
resolve cell overlapping, cells are moved from a dense bin to a sparse
one along paths [8]. In single-row height standard-cell legalization,
cell overlapping is independent among rows. With multi-row height
cells, in contrast, shifting a cell in one row may cause cell overlaps in
another row. What is worse, shifting a multi-row height cell in a bin
to anther one may make cells illegal due to a complex domino effect.
Furthermore, in order to meet the VDD/VSS alignment constraints, it
is much harder for the flow-based method to control cells movement.
As aresult, it is not easy to extend the flow-based method in [8] to
handle the mixed-cell-height cell legalization problem.

In this paper, we present an analytical mixed-cell-height standard-
cell legalization algorithm to simultaneously minimize the average

and the maximum cell movements. The major contributions of our
work are summarized as follows:

e By analyzing and remodeling the objective function and con-
straints, we formulate the mixed-cell-height standard-cell
legalization problem as a mixed integer quadratic program
(MIQP), which considers not only the average cell movement,
but also the maximum cell movement, the sub-maximum
movement, and the third maximum movement, etc.

o By relaxing its discrete constraints to linear ones, we convert

the MIQP into a quadratic programming problem (QP). Unlike

the work in [5] which minimizes only the average cell move-
ment in the horizontal direction, we consider cells spreading
continuously in both the horizontal and vertical directions.

To solve the QP efficiently, we further reformulate it as a

linear complementarity problem (LCP), and solve the LCP by

a modulus-based matrix splitting iteration method (MMSIM).

We apply a series of operations to guarantee the convergence

of the MMSIM and prove the equivalence between the QP

and the LCP.

e We propose a linear programming (LP) based method to fur-
ther minimize the maximum cell movement in the horizontal
direction.

o Experimental results show that our legalization model and
algorithm are effective for minimizing both the average and
the maximum cell movements. Compared with the state-of-
the-art work [5] based on the same set of benchmarks used
in [5], for example, our algorithm reduces the average and
maximum cell movements by 16% and 64%, respectively.

The rest of this paper is organized as follows. Section 2 gives the
problem statement. Section 3 shows our legalization model, which
allows cell movements in both the horizontal and vertical directions
simultaneously. Section 4 details our legalization algorithms. Exper-
imental results are given in Section 5, and finally conclusions are
made in Section 6.

2 PROBLEM STATEMENT

The problem given are a global placement result with n” mixed-cell-
height standard cells C = {c1,c2 - - - , ¢y} with the initial bottom-left
coordinate (x?, y?) for each cell, and the height and width of a cell ¢;
denoted as h; and w;, respectively. Each cell has a boundary power-
rail type, VSS or VDD. The chip is a rectangular sheet from (0, 0) to
(W, H), where W and H are the chip width and height, and Ry, and
Sw denote the row height and placement site width, respectively. In
this paper, the mixed-cell-height standard-cell legalization problem
aims at placing each cell to its best position, such that the average
and maximum cell movements are minimized and the following
constraints are satisfied:

(1) cells should be aligned with correct VDD/VSS rails;
(2) cells should be non-overlapping;

(3) cells should be inside the chip;

(4) cells should be located at placement sites on rows.

Let (x;, y;) be the bottom-left coordinate of cell ¢;, i = 1,2,--- ,n’.
The problem of mixed-cell-height standard-cell legalization with
simultaneous average and maximum movements minimization can
be formulated as:



min
xy

1
= 2 (ki =+ Iy =) + o max(x; = x| +lyi =) (1)

c;ieC
s.t. Y = k{Rh’ Ye; € C,
{0,1,2,...}if ¢; is of an odd-row height;
ki €4 {0,2,4,...} (VDD boundaries) or (1a)

{1,3,5,...} (VSS), otherwise;

xi + wi < xj, Yej,cj €C,

if ¢; and ¢; are in the same row, and x; < xj; (1b)
0<xp,xi+w; <W,0<y;,y; +h; <H Ve; €C; (Ic)
x; = 1;Sw,1l; €{0,1,2,...}, Y¢; € C, (1d)

where o is a user-defined weighting parameter for the average and
the maximum cell movements.

3 PROBLEM REFORMULATIONS

In this section, we first formulate the mixed-cell-height legalization
problem as a mixed integer quadratic programming problem (MIQP),
then we convert the MIQP to a quadratic programming problem
(QP), and further we reformulate the QP as a linear complementarity
problem (LCP).

3.1 Mixed Integer Quadratic Programming
(MIQP)
The objective function of Problem (1) is the weighted sum of the aver-

age cell movement and the maximum cell movement. We transform
the objective as follows:

r)rcl’iél %((x,- —xN)% + (yi —y?), @)
cieC

where a; can be seen as a weight on the movement of cell c;. In fact,

Objective (2) includes minimizing the maximum cell movement if

«; is assigned a proper value, i = 1,2, -+ ,n’.

Naturally, it would be better that a legalizer can not only reduce
the maximum cell movement, but also the sub-maximum movement,
the third maximum movement, etc. For example, if a cell ¢; overlaps
with a macro, in order to resolve the overlap, ¢; must be moved
out of the macro, then a large cell movement, even the maximum
one, is likely generated. If the generated maximum cell movement
is much more than the other cell movements, then minimizing the
maximum cell movement is meaningless to all the remaining cells.
Hence, we handle the above scenario by re-assigning weight a; to
the movement of each cell ¢;. An intuitive weight setting rule is that,
if the movement of c; is larger than the movement of c;, then «;
should be larger than «; to reduce the movement of ¢;. In this paper,
a; is set as follows:

K
(xi = x)? + (yi — y))?
a; = — i ) ®3)

1 0 0
w Zeyec (b = x50+ lyj = ;1)

where k > —1 and is relative to the value of w in Problem (1). The
parameter « is used to make a trade-off between the average cell
movement and the maximum cell movement. If ¥ > 1, it focuses on
minimizing the maximum cell movement; if x = —1, it focuses on
minimizing the average cell movement. In Equation (3), x; and y;
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Figure 3: Cells are aligned to the nearest correct rows.

are set as the latest iteration results (coordinates) of cell ¢; in our
algorithm (to be described in Subsection 4).

We give the handling of constraints and detailed analysis here.
First, for Constraint (1a), cells should be aligned with correct rows
to meet the VDD/VSS constraints. In order to obtain a high-quality
legalization solution with the least vertical movement, a trivial yet
effective operation is moving each cell to the nearest VDD/VSS rail.
Ideally, after aligning to the nearest correct row, the y-coordinate of
each cell ¢; is updated to y; from y?. If the distribution of cells in a
row is locally sparse, then the overlaps among these cells in this row
can be desirably solved; in contrast, if the distribution of cells in a
row is locally dense, then the locations of some cells in this row may
not be desirable. They should be assigned to other rows for which
Constraint (4) still should be satisfied:

yi € {yz, — kth,yl{ + k;‘Rh}, Yc; € C. (4)

In the above equation, kf and k¥ represent the maximum straight
down and straight up movements of a cell c;, respectively. If ¢; is of

an odd-row height, then kf €{0,1,2, ..., Lg—;]} and kl?‘ € {0,1,2,
H-vy',
s I_Tyl }; if ¢; is of an even-row height, then kf €{0,2,4, ...,

I_IZ—;J yand k¥ €{0,2,4,.. ., I_HR;hy"J }. For example, in Figure 3, after
aligning to the nearest correct row, the distribution of cells in Row
1 is too dense to resolve the overlaps. As a result, the cell ¢z should
be aligned to Row 2.

Second, for Constraint (1b), all cells in the same row are sorted by
their initial bottom-left x°, i.e., x? < x;.], if cell ¢; is on the left of cell
¢j according to the global placement result. Furthermore, if cells c;
and c; are in different rows, then the position constraint between x;
and x; is free. Hence, Constraint (1b) can be reformulated as follows:

xXi + wi SxJ'+M(l—Z,'j), zjj € {0,1}, ifx? Sx(-), (5)
where M is a large enough number, say, chip width W. If cells ¢; and
cj are adjacent in the same row, then z;; = 1; otherwise, z;; = 0.

Third, for Constraint (1c), for each cell ¢;, 0 < y;,y; + h; < H, is
satisfied under Constraint (1a). Thus, it can be removed. In addition,
since we minimize Objective (2), the horizontal moving of each cell
would not be far away from its original position, and there would be
few cells out of the boundary. We skip the right boundary constraint
temporarily, and then Constraint (1c) is changed as follows:

x; 20, Ye; € C. (6)
Fourth, in Constraint (1d), if all the cells are placed at their best
positions in rows, then we only need to shift each cell to its nearest
placement site. We will detail Constraint (1d) in Section 4.
Overall, Objective (2) and Constraints (4), (5), and (6) form a mixed
integer quadratic programming problem (MIQP).

3.2 Quadratic programming (QP)

For the MIQP in Subsection 3.1, variable y; in Constraint (4) and
variable z;; in Constraint (5) are integral. In addition, in order to



obtain a better result, all cells in a circuit should be considered
together instead of row-by-row. Consequently, it is hard to solve the
MIQP for large-scale circuits. In this subsection, we relax Constraints
(4) and (5) to linear constraints. Accordingly, the MIQP is relaxed to
a quadratic programming problem.

In the work [3], Bai proposed a modulus-based matrix splitting
iteration method (MMSIM), which is very efficient for solving linear
complementarity problems. In addition, Chen et al. [5] applied the
MMSIM to the QP legalization problem. In order to use the effective
and efficient MMSIM, as in [5], we split all multi-row height cells into
single-row ones for the MMSIM solver. Then the mixed-cell-height
standard cells C = {c1, ¢ - - - , ¢y} are split as single-row sub-cells
SC = {sc1,sc2 -+ ,scp}. These single-row height sub-cells should
satisfy:

Xil = Xij2 =+ = Xir;s

yin+ (ri— DRy =yiz + (ri —=2)Rp, =+ = Yip;.

where sub-cells sc;1, scja, . .
cell, ri = hi/Rh‘

After cell splitting, Objective (2) is transformed to

™

., Scir; are split from an r;-row height

min >0 o n (=) + -y, ®)
sc;eSC
Since an r;j-row height cell is split into r; single-row height sub-cells
and the movement of the rj-row cell is counted r; times, we divide
the objective function by r; for each cell in Objective (8).

Next, we relax Constraints (4) and (5) to linear constraints. Ac-
tually, for each sub-cell sc;, after aligning it to its nearest correct
row, i.e., y; = ylf , the movement of sub-cell sc; in the vertical direc-
tion is minimized. Since sub-cells may be re-assigned to other rows
to achieve a better legalization solution, we relax the range y; of
sub-cell sc; from an integer to a real number. That is

i € [y} = KiRnoy] + K['Ru], Vsei € SC, ©)
where k! € (0,1,2,.... L3t} and K € {0,1.2,.... [ T2 ]).

Since the moving range y; € [y] - kth, y; + ki Rp,] of sub-cell sc;
is excessive, we can speed up the process by restricting the moving
orientation o; to be vertical (upward or downward) for each sub-cell
sc;. Then, Constraint (9) of sc; is limited as followed:

yi € { [yl: —’kl{Rh'; ylf]], i.foi i.s downward; (10)

Y5 y; + k¥Rp |, if o; is upward,

where kf and k;‘ are used to control the range of y;. Correspondingly,
the vertical moving interval VMI; of sub-cell sc; is [ylf—kth, y;+Ry]
or [y}, y; + kj'Ry]. The setting of sub-cell orientation is detailed in
Algorithm 1 (Section 4). For example, as shown in Figure 4(a), if
the orientations of sub-cells sc1, sc2, sc3, scs and scs are upward,
downward, upward, upward, and upward, respectively, and ki’ =
ké = ki = 1and k¥ = ki = 2, then the vertical moving interval
of each sub-cell is marked by a doubly headed arrow line shown
in Figure 4(a), and the corresponding range of y; for sub-cell sc; is
marked by a square bracket in Figure 4(b).

Next, the mixed integer constraint (5) would be relaxed to a linear
constraint. According to Constraint (5), if x? < x;.), and sc; and sc;
are adjacent, then x; + w; < xj + M(1 — zj;), where z;; € {0, 1}
denotes whether two adjacent sub-cells sc; and sc; are in the same
row. Since all the sub-cells have the same height (i.e., h; = Rp),
zijRy, reflects the overlapping length of sub-cells sc; and sc; in the

row4 row4

row3 SCy row3 SCy

row2 J SCy SCo row2 NoT SCp

rowl SC3 rowl §C3
(@ (b)

Figure 4: (a) Vertical moving intervals of sub-cells. (b) The moving
ranges of bottom-left y-coordinate of sub-cells.

vertical direction. If z;; = 1, i.e, |y; — yj| = 0, then the vertical
overlapping length is Ry; if z;; = 0, i.e, |ly; — yj| > Ry, then the
vertical overlapping length is 0. The vertical overlapping length of
sub-cells sc; and scj with z;jRy, = max{Ry, — |y; — y;l,0}. Then, for
two adjacent sub-cells sc; and scj, we have

zij :max{l—%,o}, and (11)
xi+winj+M-min{|le—hyJ|,l},ifx?Sx](-). (12)

By Equation (11), the integer variable z;; is relaxed to a continuous
variable. In addition, since the VMI; of each sub-cell sc; can be pre-
calculated, if VMI; N VMI; = 0, then we do not need to consider
Constraint (12). For example, for sub-cells scy and scs5 in Figure 4(a),
VMI, N VMIs = 0. Otherwise, if VMI; N VMI; # 0 for sub-cells sc;
and scj, then we would check wether sc; and sc; are adjacent.

Observing Constraint (12), it can be seen that this constraint
is still hard to handle due to the absolute value function and the
minimum one. It should further be transformed to a linear constraint
by eliminating the absolute and the minimum value functions.

For two adjacent sub-cells sc; and sc;, where VMI; N VMI; # 0,
there exist four possible cases: (1) sc; and sc; are in the same row and
have the same orientation, as shown in Figure 5(a); (2) sc; and sc;
are in the same row and have different orientations, as in Figure 5(b);
(3) sc; and sc;j are in different rows and have the same orientation, as
in Figure 5(c); (4) sc; and sc; are in different rows and have different
orientations, as in Figure 5(d);

For Cases (2) and (3), the relationship between y; and y; is known.
Ify; < yj, then ly; — y;|l = yj —ysi; if yi > yj, then |y; — y;| =
y; — y;. However, for Cases (1) and (4), we do not know which is
larger between y; and y;. For the two cases, we use the initial y-
coordinates to determine the value of |y; — y;|. That is, if y? < y;),
then |y; — y;| = y;j — y;; otherwise, |y; — y;| = y; — y;. We introduce
the notation © to denote the operator between y; and y;, and let

y; —yj, ify; > y; for Cases (2) and (3),

and if y? > y;) for Cases (1) and (4);
yj —yi, ify; <yj for Cases (2) and (3),

and if y? < y? for Cases (1) and (4).

yioyj = (13)

0Y; .
y,Rhy] is k; + kj (where

Furthermore, since the maximum value of

—tlifg. s . : L _pu : Yi9y;
ki = k; if o; is downward; otherwise k; = k}'), we have min{ Ttk Ry

,1} = %. After these transformations, for two adjacent sub-
cells sc; and scj, Constraint (12) is reduced to
. e .
Xi+wi <xj+M- Y0 ifxd < o0, (14)

(ki +kj)Rp™ 1 =7
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Figure 5: Four possible structures for two adjacent sub-cells i and j
with VMI; N VMI; # 0.

Finally, in Constraint (14), M is large and % is a real num-

YiOy;
M(k +k;j )jR

large due to M, and then Constraint (14) may be 1nva11d for resolving
the horizontal overlap between sub-cells sc; and sc;. In addition,
with Objective (2), x; should not be far away from x?. Hence, we set
M as

ber instead of an integer. If y; ©y; > 0, then may be too

M = Bij - (wi +wj), (15)

where f;; is a user-defined parameter, which is used to control the
value of M.

Thus far, the mixed-cell-height standard-cell legalization problem
is reformulated into a quadratic programming problem (QP):

. i L 0\2 L 10y2
r)r(l};l E _zri((xl Xi) + (yi y,-) ) (16)
sc;eSC
Bij - (wi +wj)
- . . e i)s
i+ k)R, oW

¥sci, scj € SC, if VMI; N VMI; # 0,

s.t. xXi+w; < x5+

scj, scj are adjacent, and x? < x(-); (16a)

yie{

y; - kth, yl’.]], if 0; is downward,
h

y;,y; +k¥Ry |, if o; is upward,

x; >0, Ysc; € SC; (16b)
yir+ (ri— )Ry =yia + (ri —2)Rp = -+ = Yir;,

Xi1 = Xj2 = *** = Xir;, SCi1," " SCir;are from

the same cell. (16¢)

3.3 Linear Complementarity Problem (LCP)

Since it is usually time-consuming to solve a large-scale quadratic
programming problem with many inequality constraints, we convert
the QP (Problem (16)) equivalently into an LCP, and solve the LCP by
the modulus-based matrix splitting iteration method (MMSIM) [5].
To guarantee the convergence of MMSIM, it requires that the objec-
tive matrix is symmetric positive definite and the constraint matrix
is of full row rank.
Letx = (x1,x2,- - (Mi)2n =

)y = (Wya. - yn)Tandp =

[:] Problem (16) can be rewritten as follows:

min %ﬂTQIl +pTp (17)

s.t. Ap = b; (17a)

d<y<d¥ (17b)

x> 05 (17¢)

Ep=f, (17d)

where Q is a diagonal matrix with its elements q; ; = qn+i n+i = 'f—l‘
i=1,2,---,n; pisavector with p; = —a;—f?,i =12,---,mp; =

zy,

,i=n+1l,n+2,-

- , 2n; and A is the overlap constraint matrix
1—

Bij(witw;) Bij(witw;)
L kR, 804~ SRR,

with only four nonzero elements 1, —

in each row.
In order to obtain the uniform boundary constraint z > 0, let

y=y—d,and = (i;)on = [?] We have

. 1y 71—
min -ﬂTQﬂ +p A (18)
s.t. Ap > b; (18a)
-Iy>d-d% (18b)
> 0; (18c)
Efi = f, (18d)

where [ is an identity matrix, and vectors p, b, ? are transformed
from p, b, f, respectively.

To guarantee that the constraint matrix is of full row rank, we
increase the number of variables by duplicating y to y with y=7.
Then Constraint (18b) is replaced by -ly>d- d“, and y-y=0.

Let E/ [z] = 0 denote y — y = 0. In this way, Constraints (18a) and

-Iy > d—d" compose a new system of inequality constraints, and
Constraints (18d) and y —y = 0 form another new system of equality
constraints.

-l el 2ol )

E = [ 5,] f = [](: ] Then we describe the standard form of the

Lety =

| < ®

quadratic programming problem as follows:

min HOR+ PR 19
s.t. gﬁ > b; (19a)
Ei=f; (19b)
u=0. (19¢)

For Problem (19), we relax Constraint (19b) by putting it into
the objective with a penalty parameter A > 0. And a new QP is
formulated as follows:

min A @B+ T - AT DR (20)
s.t. Al > b; (20a)
H=>0. (20b)

For Problem (20), we have following two propositions:
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Figure 6: Our legalization framework.

PROPOSITION 1. In Problem (20), 0+AE"E isa symmetric positive
definite matrix.

PROPOSITION 2. In Problem (20), ifkf = ki =1 for all sub-cells,
then matrix A is of full row rank.

In this paper, kf and k' are set as 1 for each sub-cell. By Proposi-
tions (1) and (2), 1 is the global minimal solution of Problem (20) if
and only if there exist vectors r, u, v > 0 such that the quadruple
(&, r, u, v) satisfies the following KKT conditions [15]:

LCP(B,t): w=Bz+t >0, z >0, and ZTw=o0, (21)

S 4FTT _aT ~ TR
wherew:[],Bz Q+£EE A],t=[(p AI E),and

u
(%

A 0 b

z= [lrl ] Problem (21) is a linear complementarity problem. Accord-
ing to Theorem 1 of [5], we obtain the following theorem:

THEOREM 1. The solution of LCP(B, t) (21) gives the optimal so-
lution of QP (20), and vice versa.

4 OUR LEGALIZATION FRAMEWORK

In this paper, we simultaneously minimize the average and maxi-
mum movements by a bi-directional (both horizontal- and vertical-
direction) legalization method for mixed-cell-height standard cells.
Our framework is summarized in Figure 6, which consists of three
major steps: 1) preprocessing, 2) horizontal- and vertical-direction
legalization, and 3) horizontal-direction legalization.

In the preprocessing step, all cells are first aligned to their nearest
correct rows while meeting the VDD/VSS alignment constraints by
shifting cells in the vertical direction. In addition, each cell is split
into single-row height sub-cells. To determine the vertical moving
interval VMI; of y; for each sub-cell, an orientation setting scheme

Algorithm 1 Sub-cell Orientation Setting

Input: a circuit with all sub-cells aligned to the correct rows;
Output: orientations o of all sub-cells in the vertical direction.
1: fori=0:RNn
2: calculate the average density ad}’ of densities of rows i + 1to NR,
3 and the average density ad? of densities of rows 0 to i — 1;
4 r* = max{0, min{1, 0.5 + ad}’ —adid}};
5: WY =wjg,0i0=1, wd = Wi 1,051 =0;
6: forj=1:R;
7 < i5as
8 else wd = w9 + Wi, j, 0i,j = 0;
9 if (1-o0;4-1)0;; > 0 and y?,j_l > y?,j, then

e WU rt u _ u o h. . — 1.
1fw<—thenW =W¥+wjj,05=1;

10: 0, j-1 = 1, 0j,j = 0;

. 3 . — 0 - 0 0
11: if 0; j_1(1 - o0; ;) > 0 and Yi o <Y then
12: 0, j-1 = 0, 0 = 1;

13: Return o.

is incorporated in Algorithm 1. In Algorithm 1, Ry is the number
of rows in a circuit, and R; is the number of sub-cells in row i. 0;,;
is the orientation of the j-th sub-cell sc; j in row i. If 0; ; = 1, the
orientation of sub-cell sc;,; is upward; it is downward, otherwise.
w;,j and yg jare the width and initial y-coordinate of sub-cell sc; j,
respectively. In Lines 2—4, the ratio of the number of upward cells r*
to that of downward cells 1—r* are calculated. Lines 7-12 determine
the orientation o; j of the j-th sub-cell in Row R;.

In the horizontal- and vertical-direction legalization step, we first
split cells into sub-cells. Then as described in Section 3, we model the
mixed-cell-height standard-cell legalization problem as an LCP(B, t)
problem, which simultaneously considers cell moving in both of the
horizontal and vertical directions. Then, we apply the MMSIM [5] to
solve the LCP(B, t) in Problem (21). If matrix B is positive definite,
the convergence of the MMSIM for LCP(B, t) holds [3]. However,
the matrix B could be a positive semi-definite asymmetric matrix.
As a result, the convergence of the MMSIM for solving LCP(B, t)
cannot be guaranteed. In this work, LCP(B, t) in Problem (21) is
resolved by an asymptotic modulus-based approach. The matrix
Bin LCP(B, t) (Problem 21) is approximated by a positive definite
matrix B(¢) = B + €I, where [ is an identify matrix and ¢ is a small
constant. Consequently, the convergence of the MMSIM for solving
LCP(B(¢), t) can be guaranteed.

Our MMSIM-based algorithm is summarized in Algorithm 2. In
Algorithm 2, Lines 1-9 give the MMSIM iterations, and each sub-cell
is aligned to a correct row in Lines 10-16. In Line 5, we choose the
splitting matrices M(e) and N with B(e) = M(¢e) — N as follows:

M=

15+ AETE
[ﬁ*(QtAE B o , M(e) = M + ¢,

1
D

(22)

>

N - [(% -1)(Q+AETE) -AT

0 2D

where D = tridiag(g(§+)t§rf?+ EIn)_IAT), in which (Q + AETE+

el,) ! can efficiently be calculated similarly as in [5], and 8%, 6* are

two positive constants as in [5]. After the execution of Algorithm 2,

all multi-row height cells are restored, and we have the following
theorem:

THEOREM 2. The iteration sequence {z!) }Z:) C R generated by

Algorithm 2 converges to the unique solution z* € R} of LCP(B(e), t)
for any initial vector s© e Rr™,



Algorithm 2 Horizontal- and Vertical-Direction Legalization

Input: matrices: M(¢), N, B(¢); vectors: t, s© 20, parameters: y, 8, o,
K;
Output: horizontal- and vertical-direction legalization result.
1: 1 =0;

do
xgl) = zgl), ygl) = zillli +d;,i=1,2---,n;

K
[ PPy
=T D o Do |
7 Ljeg (I =7 1Hy =y

5. solve (M(e) + I)s"*) = Ns(D 4 (I - B(e))|s?D| - yt;
6 (D) = %(Is(l”)l + 50Dy,
7: I++;
8 until |z(0 - 2D | < §
9: obtain the coordinate (x, y) for each sub-cell by 20,
10: i =0;
11: do ,
12:if % < o, theny; = y};
i—(y/—kR
13: ifw <1-o0,theny; :y;—th;
" +kRp)-yi
14: if% <1-o0,theny; :y;+th;
15: i++;

16: until i > n
17: Return x, y.

After the horizontal- and vertical-direction legalization, there
could still exist overlaps due to the row assignment by rounding.
In addition, each cell must be aligned to a placement site. In the
horizontal-direction legalization step, we first align each cell to its
nearest placement site. After that, if cell ¢; does not overlap with any
other cell, the location of ¢; will be fixed; Meanwhile, a cell is marked
as an illegal cell if this cell is overlapped with any other cell or out
of the right boundary. For every illegal cell, we search all possible
empty spaces. Then, a bipartite graph to model the illegal cells and
empty spaces is constructed, and the Kuhn-Munkres algorithm [14]
is applied to find a best matching for illegal cells and empty spaces,
which runs in O(n?l ;) time, where n;j; is the number of illegal cells.
After the above operations, all cells are placed in the chip region
legally.

5 EXPERIMENTAL RESULTS

We implemented our analytical mixed-cell-height legalization algo-
rithm in the C++ programming language. To evaluate the effective-
ness of our proposed algorithm, we compared with the method in
DAC’17 [5]. The benchmarks are modified from the ICCAD-2017
CAD Contest on Multi-Deck Standard-Cell Legalization [9] by omit-
ting the fence-region constraints and the soft constraints. In our
algorithm, the parameter A in Problem (20) affects the mismatch dis-
tances of the sub-cells of a multi-row-height cell. Since the MMSIM
is convergent, there will be theoretically no mismatch distance for
each multi-row-height cell if the value of A is large enough. There-
fore, the parameter A was set as 500. According to the works [3, 5],
in Algorithm 2, * and 6* in the splitting matrices M and N were
both set as 0.5, and y, o, and k were set as 1, 0.4, and 1, respectively,
where the convergence of the MMSIM can be guaranteed. With the
binaries provided by the authors of [5], all the experiments were
run on the same PC with a 2.7GHz CPU and 16GB memory.

Table 1 lists the statistics of the benchmarks and the legalization
results. In this table, for all benchmarks, “4Cell” gives the numbers of
total standard cells, “#Single” the numbers of total single-row height

Table 1: Experimental results.

Benchmarks H #Cell #Single ‘ #M ‘ Den.(%) ‘
des_perf_1 112644 112644 0 90.59
des_perf_a_md1 108288 | 103589 | 4 55.05
des_perf_a_md2 108288 105030 4 55.86
des_perf_b_md1 112679 106702 0 54.98
des_perf b_md2 112679 101908 0 64.69
edit_dist_1_md1 130661 118005 0 67.47
edit_dist_a_md2 127414 | 115066 | 6 59.42
edit_dist_a_md3 127414 119616 6 56.92
fit_2_md2 32281 28930 0 83.12
fit_a_md2 30625 27431 6 32.41
fit_ a_md3 30625 28609 6 31.24
pei_bridge32_a_md1 || 29533 | 26680 4 49.57
pci_bridge32_a_md2 29533 25239 4 57.69
pci_bridge32_b_md1 28914 26134 6 26.47
pei_bridge32_b_md2 | 28914 | 28038 6 18.20
pei_bridge32_b_md3 | 28914 | 27452 6 22.13

standard cells, “4M” the numbers of total macro cells, “Den.(%)” the
cell densities of circuits, “AHPWL(%)” the HPWL increases from
the corresponding global placement results, “Avg. Move. (sites)” the
average cell movements measured in the number of placement site
width, “Max. Move. (sites)” the maximum cell movements measured
in the number of placement site width, and “CPU(s)” the runtimes
of all compared algorithms.

The experimental results are reported in Table 2. In the table,
“DAC’17”, “MIQP” and “LCP” represent the results of the algorithm
in [5], the results obtained by solving our mixed integer quadratic
programming (MIQP), and the results obtained by solving our linear
complementarity problem (LCP), respectively. CPLEX [1] was cho-
sen as our MIQP solver. Compared with the work “DAC’17”, our LCP
based algorithm achieves 32% shorter AHPWL, 14% smaller aver-
age cell movement, and 61% smaller maximum cell movement. The
reason is that the work [5] resolves overlaps only in the horizontal
direction, and if some overlaps among cells cannot be resolved in a
row, they are marked and moved into empty positions of a layout
in the illegal cell handling step. In contrast, our algorithm allows
cells moving in both of the horizontal and vertical directions, and if
some overlaps among cells cannot be resolved in a row, these cells
are automatically moved into other adjacent rows. This horizontal-
and vertical-direction legalization model can reduce not only the
average cell movement, but also the maximum cell movement. Since
the number of variables in our model is larger than that in [5], our
average runtime is longer than that of DAC’17, yet still reasonably.
Compared with the results in Columns “LCP”, the MIQP based legal-
ization algorithm achieves 2% shorter AHPWL, 2% smaller average
cell movement. However, our LCP based algorithm can achieve an
average speedup of 158 over the MIQP based algorithm.

This comparison further validates the efficiency and effectiveness
of our LCP based analytical legalization algorithm.

Figures 7(a) and 7(b) show the respective final layout and a partial
layout of the benchmark “fft_2_md2” generated by our LCP based
legalization algorithm.



Table 2: Experimental results.

Benchmarks AHPWL(%) Avg. Move. (sites) Max. Move. (sites) CPU(s)
DAC'17 | MIQP | LCP || DAC'17 | MIQP | LCP || DAC’'17 | MIQP | LCP [ DAC’17 | MIQP | LCP
des_perf_1 16.21 6.19 | 6.66 10.86 6.65 | 6.97 || 20082 | 48.67 | 48.95 11.23 | 1672.24 | 11.75
des_perf_a_md1 3.27 247 | 2.48 6.71 593 | 594 || 607.30 | 607.30 | 607.30 2.30 917.02 | 2.79
des_perf_a_md2 3.35 252 | 251 6.77 590 | 5.93 || 403.86 | 403.86 | 403.86 2.19 839.70 | 6.82
des_perf_b_md1 1.75 150 | 1.52 5.17 475 | 477 7934 | 51.14 | 38.45 2.01 905.74 | 3.64
des_perf b_md2 2.05 1.68 | 172 5.74 522 | 5.25 || 198.74 | 54.75 | 39.76 2.31 99130 | 3.12
edit_dist 1 md1 1.47 141 | 1.39 6.22 573 | 5.79 || 109.34 | 107.64 | 95.45 3.49 | 1300.40 | 5.19
edit_dist_a_md2 1.17 1.01 | 1.01 6.02 551 | 551 || 164.00 | 164.00 | 164.00 2.59 | 131357 | 2.24
edit_dist_a_md3 2.69 139 | 148 9.11 6.77 | 7.08 || 233.00 | 233.00 | 233.00 591 | 1357.08 | 15.68
fft_2 md2 11.21 852 | 8.78 8.84 744 | 754 || 102.94 | 62.69 | 73.60 0.70 69.52 | 2.89
fft_a_md2 0.98 0.95 | 0.95 5.03 486 | 4.86 || 34550 | 345.50 | 345.50 0.69 57.03 | 0.60
fft_a_md3 1.08 1.07 | 1.08 4.73 454 | 455 || 109.62 | 109.62 | 109.62 0.63 55.56 | 0.40
pei_bridge32_a_md1 3.61 3.16 | 3.38 6.01 553 | 5.64 || 7248 | 63.76 | 63.76 0.61 4438 | 229
pei_bridge32_a_md2 8.33 426 | 438 9.43 701 | 7.14 || 186.08 | 121.35 | 121.35 0.53 54.57 | 3.34
pei_bridge32_b_md1 2.55 2.23 | 2.26 6.35 594 | 6.01 || 32271 | 332.71 | 332.71 0.52 44.03 | 0.70
pei_bridge32_b_md2 2.80 254 | 253 5.92 552 | 553 || 640.12 | 430.04 | 430.04 0.50 4211 | 0.66
pei_bridge32_b_md3 3.63 317 | 3.17 6.74 6.10 | 6.10 || 39857 | 39857 | 398.57 0.51 4326 | 1.58
N.Average | 132 | o098 [ 100 || 114 | 098 | 100 | 161 [ 102 | 100 || o067 | 15825 | 1.00 |
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Figure 7: (a) Legalization result of the benchmark “fft_2_md2” from
our algorithm. Cells are in blue, and movement in red. (b) The partial
layout of the region marked in (a).

6 CONCLUSIONS

In this paper, we have considered both the average and the maximum
cell movements for the mixed-cell-height standard-cell legalization
problem. By analyzing and remodeling the objective function and
constraints, we formulated the mixed-cell-height standard-cell legal-
ization problem as an MIQP, which considers not only the average
cell movement, but also the maximum movement, the sub-maximum
movement, the third maximum movement, etc. Then, the MIQP
was relaxed to a QP, which allows cells spreading in both of the
horizontal and vertical directions. By substituting and duplicating
variables, the QP was further converted to an equivalent LCP. Then
the MMSIM was used to solve the LCP efficiently. Experimental
results have shown that our analytical legalization method is ef-
fective in reducing wirelength and the average and maximum cell
movements.
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